Some aspects of the geometry of superembeddings and its application to supersymmetric extended objects are discussed. In particular, the embeddings of (3|16) and (6|16) dimensional superspaces into (11|32) dimensional superspace, corresponding to supermembranes and superfivebranes in eleven dimensions, are treated in some detail.
Introduction
One of the many contributions that D.V. Volkov made to modern theoretical physics was the realisation that supersymmetric particles, moving in three or four dimensional spacetimes, can be described using a formalism which has both worldline and spacetime supersymmetries built in [1, 2] . Up until then it had been thought that, although the superstring can be described with either worldsheet [3, 4, 5] or spacetime supersymmetry [6] , all other extended supersymmetric objects, including the superparticle [7] , could only be written with manifest spacetime supersymmetry [8, 9] . The spacetime supersymmetric formalism does involve a local fermionic symmetry, called κ-symmetry [10] , but the geometric nature of this symmetry remained obscure until the work of the Kharkov group showed that it can be derived from, and is equivalent to, local worldsurface supersymmetry. Subsequently the formalism has been developed by the Kharkov group and others, and has been applied to various other supersymmetric extended objects (see [11] for a full list of references). It also gradually became clear that the formalism can be understood in terms of the embedding of one superspace, the worldsurface, into another, the target superspace. Although this point of view was implicit in the early papers it was made explicit in a study of the heterotic string [12] and was further developed in [11] . More recently, in [13] , it was shown that all supersymmetric extended objects can be understood in this way, including objects such as the Dirichlet branes of string theory which have additional physical worldsurface bosonic fields to the usual transverse coordinate fields. The latter are scalars on the worldsurface whereas the new fields are gauge fields; we shall refer to the two types of object as type I (scalars only) and type II (additional gauge fields). The formalism was applied in particular to construct the full equations of motion of the five-brane in eleven-dimensional superspace [14, 15] , an object that plays an important role in M -theory. Moreover, it turns out that all branes are described by the same simple embedding condition which is extremely natural from the point of view of supergeometry [13] . We refer the reader to the literature for discussions of the component (GS) approach to Dirichlet branes [17, 18, 19, 20, 21] and the eleven-dimensional five-brane [22, 23, 24, 25, 26, 27, 28] .
Before describing superembeddings in more detail it is perhaps worthwhile recalling the problem that Volkov and his collaborators solved. Consider a superparticle moving on a superworldline parametrised by (even, odd) coordinates (t, τ ) in flat (3|2)-dimensional superspace coordinatised by (x a , θ α ). Expanding the supercoordinates describing the particle in τ we have
The problem seems to be that there are two "wrong statistics" fields, λ a and u α . The solution to this problem found by the Kharkov group was to identify u as a twistor variable, in fact, as the "square-root" of the lightlike momentum of the particle, and to regard λ as an auxiliary field. This is summarised in the superspace equation
where D = ∂ ∂τ + i 2 τ ∂ ∂t is the superworldline covariant derivative. The first component of (2) (in a τ -expansion) allows one to solve for λ while the second component relatesẋ to u 2 . Volkov and his team were able to find a somewhat unusual Lagrangian which gives rise to these conditions on the fields λ and u, but in what follows we shall not have much to say about actions, rather we focus on the dynamics of the extended objects directly and show how these can be understood from the perspective of superembeddings. It is important to notice that the geometrical interpretation of (2) is that, at any point on the superworldline, the odd tangent space of the superworldline is a subspace of the odd tangent space of the target superspace.
Flat Branes
We define a flat brane to be an embedding of a flat superspace, of dimension (d| 1 2 D ′ ) in a flat superspace of dimension (D|D ′ ). The existence of such objects determines in which dimensions one can have branes and the structure of the worldsurface multiplets can be obtained by considering small deformations. In fact, the allowed super-dimensions correspond to the points on the modified brane scan [30, 13] . One could also consider branes which preserve fewer than half of the target space supersymmetries, but we shall not do so here. In order for flat branes to exist it is necessary that the Γ-matrices should decompose in the right way. If (x a , θ α ), a = 0, 1, . . . D − 1; α = 1, . . . D ′ are coordinates on the target superspace split into (x a , θ α ), a = 1, 0, .
. . D ′ , we require that the Γ-matrices split as follows:
with all other components vanishing. If this is the case we have
or, equivalently, there is a subalgebra of the supertranslational algebra of the required dimension. The covariant derivative is defined as usual to be
The brane itself is given by the embedding (x a , θ α ) → (x a , θ α ; 0, 0), or, equivalently, as the solution of the equations x a ′ = θ α ′ = 0 in the target superspace. The condition that the Γ-matrices split as above tells us when branes preserving half-supersymmetry can exist.
We next consider a small deformation of the flat brane, for which the embedding becomes
where x ′ and θ ′ are small, so that we only need to work to first order in these variables. The odd basis tangent vectors to the submanifold, collectively denoted E α , are given as the image of the (worldsurface) D α under the embedding,
Note that D α on the target space (which occurs on the right-hand side of the above equation) differs from D α on the brane; the former, which is the α component of (5), includes a term involving θ ′ which is absent from the latter. The even basis vectors are
where
We now impose the requirement that the odd tangent space at any point of the embedded submanifold should be a subspace of the odd tangent space of the target space at that point. This condition is required for all supersymmetric extended objects and implies that we must impose
Computing the commutator of the odd tangent vectors (to first order in the transverse variables) one finds
Since the commutator of two vectors of the submanifold must lead to a third we have
In fact, this constraint is not independent; it follows directly from (10) by differentiation, as indeed it must since the algebra of the covariant derivatives on the brane is preserved.
Equation (10) above is the key equation for branes since it determines the structure of the worldsurface supermultiplet. It can be one of three types: on-shell, in which case it leads directly to the dynamics of the physical fields; off-shell Lagrangian, in which case it determines an off-shell multiplet which can be used in a Lagrangian to determine the dynamics; or off-shell non-Lagrangian, in which case the multiplet is off-shell but there is not a Lagrangian, at least of conventional type, which can be constructed which leads to the dynamics. In the third case further conditions are required, but most examples fall into the first two classes.
In eleven dimensions (with 32 odd dimensions), there are two possible branes, the two-brane and the five-brane 1 . In both cases equation (10) defines an on-shell supermultiplet, the d = 3, N = 8 scalar multiplet and the d = 6, N = 2 tensor multiplet, respectively. In both cases the leading components of X a ′ and θ α ′ can be interpreted as Goldstone fields corresponding to the breaking of supertranslational symmetry, but in the five-brane there is an extra component field which appears at leading order in D α θ β ′ . In general one has
but the latter equation only has non-trivial solutions for type II branes. For example, for the eleven-dimensional five-brane one finds
The field h abc is totally antisymmetric and self-dual, and at the linearised level is closed. Its leading component is therefore the self-dual field strength tensor of a two-form gauge field. The quantity D α θ β ′ , evaluated at θ = 0, is the analogue of u α in equation (1), at least in the linearised theory. The term involving ∂ a X b ′ generalises the momentum which arises in the particle case, while the h-term is present only for type II branes.
D = 11 Supergeometry
In the rest of the paper we shall focus on superembeddings in eleven dimensions. We briefly recall the salient features of eleven-dimensional supergeometry. One has a real (11|32)-dimensional supermanifold M with a choice of odd tangent bundle F ⊂ T , the full tangent bundle, such that the associated Frobenius tensor φ, defined by
where X and Y are odd vector fields, is invariant under the group Spin(1, 10)×R + . This implies that there exist local bases (E α ) for F and (E a ) for B * , where B is the quotient of T by F and the star denotes dual, in which the components of φ are given by
This set up defines what one might call a special superconformal structure; more generally one can allow for additional terms in φ involving two-index and five-index Γ-matrices and we shall come back to this possibility shortly. If (17) holds it can be shown that it implies the equations of motion of eleven-dimensional supergravity must be satisfied modulo certain topological niceties which we shall ignore here [16] . More precisely, one can show, given (17) , that one can find a choice of B as a subbundle of T and a choice of Spin(1, 10) connection such that the torsion and curvature tensors in superspace are related to those of on-shell supergravity by a super-Weyl transformation. One can therefore make such a transformation to eliminate the conformal factor thereby arriving at the standard geometry [31, 32] . This geometry has structure group Spin(1, 10) and therefore admits an invariant Lorentzian metric g B on B and also an invariant fermionic metric g F on F whose components in the standard basis are the components of the charge-conjugation matrix.
We note that when a connection is introduced it is natural to equate φ with the dimension zero component of the torsion tensor (with a minus sign), although it is a perfectly well-defined tensor belonging to the space ∧ 2 F * ⊗ B even if a connection is not introduced. Thus we have
Embeddings
We consider embeddings M f → M of the worldsurface M into the target space M which we shall take to have dimension (11|32) for definiteness, although the discussion below is applicable more generally with appropriate modifications. It will be assumed that M has a superconformal structure but initially at least we shall not suppose that the Frobenius tensor φ is invariant under the structure group Spin(1, 10) × R + . Without loss of generality we can take it to be of the form
where the antisymmetric components of X and Y vanish, as well as their traces. Both of these restrictions are compatible with the group structure. We shall call such a structure a general superconformal structure.
There is a natural choice of odd tangent bundle F on M given by
Dually, one has
The only other requirement we need to impose on the embedding is that the metric iduced on B * (from any of the conformal class of Lorentzian metrics on B * ) should be Lorentzian with signature (p − 1), p = 2, 5. Again this condition is automatically conformally invariant.
The Frobenius tensor φ of M is defined in the same way as above, namely as the commutator of two odd vector fields modulo the odd tangent bundle. The relation between the worldsurface and target space Frobenius tensors is given by
where X and Y are odd vector fields on M (which may be considered as vector fields on M ) and ω is a one-form on M .
For any embedding one has three natural bundles (on M ), the tangent bundle T , the tangent bundle, T , of M restricted to M and the normal bundle T ′ which fit together in a short exact sequence
However, in the super case we have even and odd tangent bundles which themselves fit into an exact sequence
and similarly for the target space as well as the corresponding normal bundles. In fact there are nine bundles in all and it can be shown that they fit together into the following diagram,
where each of the rows and columns is exact and where each square is commutative. The proof of these assertions is straightforward. The dual bundles give rise to a similar diagram with the arrows reversed. In practice one wishes to split the sequences, so that the central bundle of each sequence becomes a direct sum of the other two. However, when this is carried out it is important to note that, although B as a quotient bundle is a subbundle of B the same is not true when B and B are regarded as subbundles of T and T respectively.
Brane Integrability
The basic embedding condition described above is extremely natural given the geometrical structures that arise in supergeometry. Moreover, it is also extremely restrictive. In fact, in the eleven-dimensional examples we are discussing, one has the following results: if an (11|32)dimensional supermanifold M with a general superconformal structure admits embeddings of the type described in the previous section of either two-branes or five-branes through every point, then:
• any such brane is dynamical, that is the embedding implies that the worldsurface multiplet is on-shell,
• the superconformal structure on the target space must be special, which implies, as we have discussed above, that the equations of motion of eleven-dimensional supergravity must be satisfied,
• the worldsurface supergeometry is completely specified up to gauge freedoms.
In some respects this may not be too surprising as it has been known for some time that the requirement of κ-symmetry in the GS formulation of the membrane forces the target space supergeometry to be equivalent to eleven-dimensional supergravity [9] . However, in the present approach we have achieved this with the bare minimum of assumptions; everything, including κ-symmetry follows from the simple embedding condition (20) .
The complete proof of the above assertions is extremely long and rather complicated in terms of details, but it is simple to understand how it comes about in principle. Consider the relation (22) between the Frobenius tensors of the two manifolds. We introduce local bases (E α ), (E a ) for F and B * respectively and note that (20) implies that
for some 16 × 32 matrix E α α , while the dual condition (21) implies
Equation (22) then reads in components with respect to these bases,
If (E α ) is a spin basis for F any other such basis will be related to it by an element u of Spin(1, 10) up to a conformal factor which we shall ignore for the moment. We write u = (u α α , u α ′ α ), with α ′ = 1, . . . 16. Since E α α has maximal rank there will be a choice of u such that E α is related to u α α E α by a non-singular matrix. Hence, without loss of generality, we can write
where det A = 0. Making a change of basis for F we arrive at
On the bosonic space B * the situation resembles more closely the case of a Lorentzian embedding and we may choose, again up to a conformal factor
where (u a a , u a ′ a ) is the element of SO(1, 10) corresponding to u = (u α α , u α ′ α ) ∈ Spin(1, 10) Thus, at any point p ∈ M , the embedding is specified by u a a , u α α and h α β ′ .
We can now decompose equation (28) into components tangent and normal to M . We then find
and
and similarly for the other projections of φ α β c . Now in order for there to be embeddings of branes in general we require that these equations be satisfied for arbitrary embeddings passing through a given point p ∈ M and furthermore that this should be true for all points of M . Since we may vary u and h independently this requires
This can only be satisfied for arbitrary embeddings if the superconformal structure on M is
Given this one finds that equations (32) and (33) are solved by
where h abc is self-dual, and
The above argument establishes brane-integrablity; to see that the embedding implies the dynamics it is sufficient to consider the linearised case, i.e. take the target space to be flat and assume that the embedded submanifold is also nearly flat. It is not too difficult to see that in this limit one recovers the equations describing the deformations of flat branes, and hence the worldsurface fields are indeed on-shell. By working to second order in the transverse fields one can quickly see that the worldsurface supergravity fields are also determined.
Some Geometrical Aspects of Superembeddings
We briefly recall some aspects of Riemannian embeddings (see, for example, [33] ). Let M be a manifold embedded in a Riemannian manifold (M , g). The metric on the target space induces natural metrics on the embedded space and on the normal bundle T ′ as well as determining a natural orthogonal decomposition of T into tangential and normal components. Explicitly
where X, Y are tangential vector fields, X ′ , Y ′ normal vector fields, g is the induced metric on M and g ′ is the metric induced on the normal bundle. Metric connections ∇ and ∇ ′ are determined in T and T ′ respectively from the metric connection ∇ on M by the Gauss-Weingarten equations
where K ′ (X, Y ) is normal and K(X, Y ′ ) tangential. K ′ is the second fundamental form, and K is related to K ′ by
From (41) one can derive the torsion equations
where the superscripts t and n denote tangential and normal respectively. Finally, we have the equations of Gauss and Codazzi relating the curvature tensors of T and T ′ to the Riemann curvature tensor of M :
where ω and ω ′ are respectively tangential and normal one-forms.
The above equations can be generalised to the supersymmetric case although the situation is more complicated due to the even-odd split. In view of the discussion of the preceding section we can assume that the target space supergeometry is the standard geometry describing on-shell supergravity. We begin with the membrane. The tensor φ on M gives rise to the following tensors via embedding:
where, in both equations, the vectors are all odd, the forms are even and normal vectors or forms are distinguished by a prime. From the bosonic metric we derive
for even tangential and normal vectors X, Y and X ′ , Y ′ , thus defining induced metrics for B and B ′ . Starting from the fermionic metric we get
for odd tangential and normal vectors X, Y and X ′ , Y ′ , thus defining induced fermionic metrics for F and F ′ . We also have
for odd vectors X, X ′ and even vectors Y, Y ′ , with the primes denoting normal vectors as usual.
The above equations determine a decomposition of T with respect to the tangential and normal bundles. Explicitly, we have
The field Λ can be thought of as providing a gauge-invariant representation of the worldsurface multiplet. Indeed, in the linearised case it reduces to the even derivative of the transverse odd coordinate functions.
The generalisations of the Gauss-Weingarten equations are
where K ′ (X, Y ) and L ′ (X, Y ) are normal while K(X, Y ′ ) and L(X, Y ) are tangential. The additional tangential terms are required because even vectors on M have non-vanishing projections on F . For Y Y ′ odd L(X, Y ) and L ′ (X, Y ′ ) both vanish while K(X, Y ) and K ′ (X, Y ′ ) are odd.
The torsion equations are
while the Gauss-Codazzi equations have the same form as in the bosonic case despite the presence of the additional terms in the Gauss-Weingarten equations,
where the last two arguments of the curvatures are either both even or both odd.
One can obtain many relations for the tensors defined above by differentiating the invariant tensors. It is straightforward to check that the connections defined on T and T ′ preserve the induced bosonic and fermionic metrics, and that the tensors constructed from φ are also invariant. The structure groups for F and F ′ are both Spin(1, 2) · Spin(8), although different representations are involved, while the structure groups for B and B ′ are SO o (1, 2) and SO (8), where the superscript "o" denotes the component connected to the identity.
Many of the above equations can be taken over in the case of the five-brane, but there are some differences. The equations for the bosonic metric remain the same but the fermionic ones change. One finds, instead of (48), the equations
for odd arguments. Note that in decomposing the eleven-dimensional charge conjugation matrix (g F ) into 6 + 5 one does not arrive at fermionic metrics on the tangential and normal subspaces but rather at an off-diagonal tensor which we have called g F above although it is not a metric but rather determines an isomorphism between F * and F ′ . The tensor h departs from this expected behaviour and is a signal of a type II brane. In index notation,
For mixed arguments (X ′ s odd Y 's even) one has
Again the field Λ is related to the worldsurface multiplet. For the Frobenius tensor one finds, as before,
where the vectors are odd and the forms even. However, one now has
In fact, this tensor is also linearly proportional to h.
One can take over the Gauss-Weingarten, torsion and curvature equations formally without change, but there are differences between the two and five-brane cases. For the five-brane the induced connections for the even tangent and normal bundles correspond to the groups SO o (1, 5) and SO(5) respectively, but the connections for the odd tangent bundles do not give Spin(1, 5) · Spin(5) connections. This is again due to the type II embedding structure. One would have had this result if h had been zero, but the intervention of this term complicates matters somewhat. An alternative procedure is to define connections which do preserve the natural groups in both the even and odd sectors, and this is the route that has been taken in the literature [14, 15] .
We conclude with a few remarks on Wess-Zumino forms. So far we have made no mention of these, even though they play such a crucial rôle in the GS formalism. The reason for this is that supersymmetry implies that they are present, so that one does not have to introduce them separately by hand in the superspace formalism. In eleven dimensional superspace with the standard constraints it is easy to show that there exists a closed four-form H 4 which has non-trivial components only at dimension zero and one, the dimension one component reflecting the presence of a non-trivial spacetime three-form potential. The pull-back of this form defines a four-form on M , obviously closed, and which is flat in the case of the membrane, i.e. its only non-vanishing component in a standard basis is a Γ-matrix contribution at dimension zero, and which obeys the equation
in the case of the five-brane. The only non-vanishing component of H 3 is the purely vectorial component which is given by
We emphasize that (64) is not a new equation; it is identically true provided that one defines H 3 as above and uses the results which follow from the torsion equations of the embedding. We refer the reader to the literature for more details on how one deduces the full equations of motion describing the brane dynamics from the basic embedding condition (20) using the superspace formalism [14, 15, 34, 35] .
